The new version of the Monte Carlo program for small-angle Bhabha scattering BHLUMI with an overall precision of 0.11% is presented. The main improvements are in the matrix element of the main multi-photon sub-generator based on the Yennie-Frautschi-Suura exponentiation, where the missing second-order terms in the leading-logarithmic (LL) approximation are supplemented and the contribution from the Z resonance is improved. In the LUMLOG sub-generator based on the LL approximation, we implement collinear photon emission in the nal state and we also add a down-graded third-order LL matrix element, which has exactly the same incomplete third-order LL contribution as the multi-photon BHLUMI. The new LUMLOG is therefore capable of calculating the missing third-order LL part in the cross sections obtained from the main multi-photon event generator, for arbitrary event selection. The rst-order event generator OLDBIS remains unchanged.
Introduction
At high energy electron-positron scattering experiments such a s t h o s e n o w taking data at LEP and the SLC and those planned for the future NLC, in order to translate the number of events into a cross-section one has to know the luminosity of the accelerator at the interaction point. The luminosity is deduced from a measurement o f t h e n umber of events for one (or more) scattering process(es) for which the integrated cross-section is safely calculable from the theory. The e + e ; elastic scattering, the so-called Bhabha process, is a very good candidate because in the range of a few degrees it is dominated by perfectly known physics, the exchange of a t-channel photon. It is therefore routinely used in all e colliders for luminosity measurement. Note that, in order to keep statistical errors small, the process used for luminosity measurement h a s t o h a ve a large enough cross-section. This condition is also ful lled in the Bhabha small-angle scattering process rather easily, b y putting the detector at small enough angles.
The small-angle Bhabha process (SABH), as any high energy process with light c harged fermions, is subject to relatively large, a few per cent, QED radiative corrections. In the experimental luminosity measurement, these corrections have to be calculated and their e ect taken into account, in other words removed from the luminosity experimental value. These e ects have to be calculated with a precision comparable to or better than the best experimental error, which for single LEP experiments is about 0.1% and for combined results of the four LEP collaborations is at the 0.05% level 1]. The new version of the Monte Carlo event generator BHLUMI presented here marks a de nite step forward in the direction of sub-per mille theoretical error for the SABH process.
As compared to the previous version, 2.02, presented in Ref. 2] , this new version features several important improvements, which will be described in detail. Improvements are mainly in the matrix element, while in the basic (low-level) Monte Carlo (MC) algorithm there are only minor improvements, which will be explained in detail. The general description of the basic MC algorithm will not be repeated and the reader should look into Ref. 2] for more details on technicalities of the low-level MC algorithm.
The main improvements in the program are:
Inclusion of the missing second-order leading-logarithmic (LL) correction, O( 2 ), where = 2 ln(jtj=m 2 e ) ; 1] , in the exponentiated (multi-photon) matrix element according to Ref. 3] . Implementation of the matrix element without exponentiation (for tests), which i s de ned in Ref. 3] and corresponds strictly 1 to the matrix element with exponentiation. Improvement of the QED corrections to the Z contribution according to Ref. 4] .
Implementation of the nal state collinear radiation with the matrix element u p to O( 3 ) with and without exponentiation in the LUMLOG sub-generator. LUM-LOG generates photons that are strictly collinear to the parent initial or nal state electron (positron).
Inclusion in the LUMLOG sub-generator of the truncated O( 3 ) matrix element, which corresponds to the exponentiated multi-photon matrix element of BHLUMI (it is obtained by means of exact analytical integration over the transverse photon momenta), see also Ref. 5] .
Inclusion of the best calculation of the vacuum polarization according to Refs. 6{8].
Let us add the following important remarks: Inclusion of the missing O( 2 ), secondorder LL correction was done very carefully, w i t h m a n y cross-checks, which are presented in Refs. 3, 5] , see also Ref. 9] . They are based on comparisons of the Monte Carlo results with semi-analytical calculations in the full form they will be published in Ref. 10 ].
According to the conclusions of the Bhabha Working Group of the 1995 LEP2 Workshop (see Ref. 11] and its summary published in Ref. 12] ) the present program BHLUMI 4.04 features a precision of 0.11% for the best LEP luminometers at the scattering angles 1 < # < 3 at LEP1, and 0.25% for any kind of typical luminometers in the angular ranges within 1 < # < 6 at LEP2. This estimate is based on comparisons with the other MC calculations, in particular with the SABSPV calculation 13]. As is shown later in this paper, the SABSPV recipe is also implemented (emulated) in the framework of the present BHLUMI package 2 .
In the future version of BHLUMI, see discussions in Ref. 11] , it will be necessary to add the missing second-order sub-leading contributions O( ), unless they prove t o b e too small to warrant such attention. The rst exercises in this direction were already done, see Refs. 14{16], and we are planning to implement the contributions of O( ) i n the next version of the program. The outline of the paper is the following: we describe in detail all the new features of LUMLOG in Section 2, and we give an exact description of all input data and output results in Section 3. In Section 4 we describe the distribution directory with many useful demonstration user programs, which should help the user to learn how to use BHLUMI e ectively and easily. Short conclusions end the paper.
As already mentioned, we do not show explicitly in the present paper the new matrix element, because it is already published in Ref. 3] (see also the erratum to that paper).
New LUMLOG
In the LUMLOG MC event sub-generator, photons are generated with zero transverse momentum (strict collinear approximation) according to LL structure functions. LUM-LOG was always used in order to calculate the higher-order corrections missing in the multi-photon sub-generator of the BHLUMI package. In Refs. 17, 18] it was used in order to estimate the missing O( 2 ), second-order LL contribution. It was also instrumental The present new version of LUMLOG is changed substantially with respect to the older version of Ref. 2] . The nal state bremsstrahlung is now implemented. This requires modi cation of the generation algorithm. The nal state bremsstrahlung is important for all kinds of tests, in particular for so-called non-calorimetric event selections, see 19] . These non-calorimetric event selections are unrealistic, but useful for tests of the matrix element and for comparisons with the other calculations. Another important new feature is the \O( 3 ) e m ulation" in LUMLOG of the multi-photon matrix element o f t h e m ulti-photon BHLUMI. What is this \emulation", and why is it useful? To begin an explanation, let us stress that it is feasible to add the missing corrections of O( 3 ) to the matrix element in the multi-photon BHLUMI. The question is whether it is really worth while. We expect that O( 3 ) is almost complete in the cross section from multi-photon BHLUMI, because of the Yennie-Frautschi-Suura exponentiation { this is true for instance for the initial state bremsstrahlung, see Ref. 20] . If, for instance, the missing O( 3 ) in BHLUMI is 10 ;4 then it is not worth while to add it explicitly in the matrix element. But how does one know h o w big the missing O( 3 ) is in BHLUMI, without actually adding it to its matrix element in the rst place? The solution is the \emulation" of multi-photon BHLUMI within LUMLOG. First of all, one has to add the complete O( 3 ) in thenal state, in addition to the initial state where it was always present. Next, one has to implement in LUMLOG a \down-graded" version of the LL matrix element, which h a s a complete O( 2 ) and incomplete O( 3 ) { incomplete in exactly the same way as in the multi-photon BHLUMI 4.x. Let us call it for short \truncated matrix element". It is not completely trivial to obtain the truncated matrix element, because it requires integration of the BHLUMI matrix element o ver transverse photon momenta, keeping all terms up to O( 3 ) in the LL approximation. This integration was actually done in Refs. 5,10] and we use the resulting truncated matrix element in the present LUMLOG. In the following we shall give explicitly the complete truncated matrix element as implemented in the present LUMLOG.
Let us start with the new master formula for the small-angle Bhabha total crosssection, where in addition to the initial state, we h a ve also the nal state bremsstrahlung in the O( r ) LL collinear approximation: 
The following notation is used The input data are transferred to BHLUMI through Xpar and Npar parameters in the initialization mode, for MODE=-1. The meaning of the entries Npar (1) and Xpar(1) is almost the same for all three sub-generators, but the other entries have a quite di erent Xpar (1) Other input parameters, such as the electron mass m e = 0 :0005111 GeV, QED coupling constant = 1 =137:03604, etc., are de ned inside the program, in subroutine filbh2, or locally in the PARAMETER statements.
Output in event generation mode
In the event generation mode, for MODE=0, both Xpar Users of the previous version of BHLUMI should remember that the size of the matrix WtSet is now increased from 100 to 300! As in the previous version, matrices p1 and p2 represent four-momenta of incoming (beam) and outgoing e + while q1 and q2 represent four-momenta of incoming (beam) and outgoing e ; . L i s t o f n =nphot photon four-momenta is encoded in phot.
For standard applications (detector simulation) the user will work with constantweight e v ents, obtained by setting KeyWgt=0. In this case the principal weight o f e a c h event is set to WtMod=1D0. Note that in this case the entire /WgtAll/ should be essentially ignored. (In fact, in order to prevent the user from using /WgtAll/ by mistake, we set its content to zero in this case.)
The user may sometimes wish to run our program with variable-weights, KeyWgt = 1,2 { this also speeds up the calculation. Here we e n visage two levels of sophistication in the use of the program. For unsophisticated use of the program one takes events with the total weight WtMod and one should remember that the type of QED matrix element The main objective of the BHLUMI MC event generator is to calculate very precisely the total cross section of the small-angle Bhabha process for arbitrary event selection (ES). The distribution package of the present BHLUMI version 4.04 was prepared in such a w ay that its content should help the user to accomplish this task. Having the above in mind we included in the distribution package not only the BHLUMI MC event generator itself (which consists of three sub-generators BHLUM4, LUMLOG and OLDBIS), but also two examples of the user programs and several examples of the output results. We e n visage that the user will run these demonstration user programs and use them as a starting point to develop his/her own user program(s). The output data (tables, plots and printouts) should help the user in the non-trivial task of checking whether the BHLUMI MC event generator, as implemented on a given platform, is really reproducing these outputs with a precision of a fraction of per mille! In the following we shall describe the \topography" of the distribution package and how to run the demonstration user programs. We shall not enter too much i n to descriptions of the subprograms of the BHLUMI MC event generator because it is quite similar to that in Ref will produce a series of MC events and the user will be able to calculate the total cross section and arbitrary distributions for any ES. The input data encoded in XPAR and It should be stressed that the sub-directory 4.x-cpc should never be treated as a part of the event generator. In the sub-directory 4.x-cpc we implemented a rich collection of examples of running BHLUMI. The event generator part, 400 and lib, is totally independent of them.
There are two sophistication levels in the examples of the user programs. We recommend very strongly every user to treat the entry-level user program demo.f in 4.x-cpc as an instructive and complete example of running BHLUMI. The other program demo2.f in 4.x-cpc should be used as an example of a more sophisticated use of the BHLUMI event generator. We shall describe both in this section.
The execution of the entry-level user program demo.f can be initiated by the following set of simple commands: cd 4.x-cpc make demo
The user program demo.f has the following interesting features:
It includes several examples of input data for the multi-photon BHLUM4 subgenerator and shows how to run BHLUMI with constant w eights and variable weights.
It shows how to select MC events and calculate the total cross section for two examples of event selections BARE1 and CALO2 de ned in Ref. 11] . At the end of the output demo/demo.output the user nds the cross sections corresponding to the respective e n try in Table 14 , for event selection BARE1, z min = 0 :5, and in 7 , the angular distribution of the electron, is shown in Fig. 3 , for a small statistics of 10 4 events. For the run with variable weights there are two more output distributions, see demo.f and demo/demo.tex one of them is the distribution of the principal weight wtmod and the other one is produced using the technique of the alternative weights described in Section 3.2. The demo directory contains sample outputs from the MC sample of 10 4 events, which can be used for the initial check of whether BHLUMI runs properly on a given platform. In order to do meaningful comparisons with the tables of Ref. 11], more events have t o b e generated. The sample outputs included in demo are obtained on the IBM Power Series machine under AIX 4.
Advanced user program and numerical benchmarks
The user of the program may, as described above, keep only the program 4.x-cpc/demo.f and the sub-directory 4.x-cpc/demo, forget the rest of 4.x-cpc and develop his/her own main user program using 4.x-cpc/demo.f as a starting point. The other example of the user program 4.x-cpc/demo2.f and directories other than 400,lib, 4.x-cpc/demo are ignored in such a case. What is the role of the demo2.f and related sub-directories and why d o w e include them in the distribution package? We are going to address this question in the following. The role of 4.x-cpc/demo2.f and related sub-directories is to demonstrate how certain important n umerical results of Refs. 3, 5, 11] were obtained in practice. Ultimately, o u r aim is to allow the user to reproduce exactly (up to a statistical MC error) all important numerical results from BHLUMI published up to now. The user programs that were employed to obtain these important n umerical results in Refs. 3,5,11] and other papers are incorporated in the user program 4.x-cpc/demo2.f. The sub-directories prod1, prod2, prod3, llog2, obis2 of the 4.x-cpc directory contain the relevant input data and receive all output results from the MC runs { they are data directories. The data directories prod1, prod2, prod3 are for the BHLUM4 multi-photon sub-generator, llog2 for LUM-LOG and obis2 for the OLDBIS sub-generator. The other sub-directory 4.x-cpc/figs contains programs that produce selected important plots and tables of Refs. 3, 5, 11] . The user is, in this way, capable to reproduce by himself/herself many important published tables and plots obtained using the present B H L U M I M C e v ent generator. However, to reproduce all these results from scratch requires several thousands of hours of CPU on a fast workstation. In order to be able to run immediately the graphics programs in 4.x-cpc/figs we h a ve s t o r e d i n t h e data directories a collection of the archive-histograms les from our own long runs. (See the latter part of this section on how to run these graphics programs.) On the other hand, in order to help the advanced user, who intends to reproduce all the results, we h a ve included in 4.x-cpc several shell-scripts and make les which will help to run 4.x-cpc/demo2.f in parallel on any t ypical workstation-farm such as SP-2 and CSF at CERN. Finally, let us also note that in 4.x-cpc we included programs for several event selections de ned/used in Refs. 3, 5, 11, 17, 18] , in particular for all four event selections BARE1, CALO1, CALO2 and SICAL2 of Refs. 11] and for the SICAL and OPSIW event selections of Refs. 3, 9] . They are encoded in the programs silicon.f, trigas.f and trical.f in the directory 4.x-cpc. Let us now describe in more detail how to run the user program 4.x-cpc/demo2.f.
The execution of the entry-level user program demo2.f for the multi-photon event s u bgenerator BHLUM4 can be initiated for the input data set 4.x-cpc/prod2/prod2.data by the following set of simple commands: cd 4.x-cpc make prod2-start make prod2-stop make prod2-dvi
The second command, make prod2-start, causes the program to be compiled and then the main program starts to generate MC events using the multi-photon event sub-generator BHLUM4 in the background process. The execution may continue up to a maximum number of events de ned in 4.x-cpc/prod2/prod2.data or, optionally, it can be stopped interactively by issuing the third command, make prod2-stop. A t the end of the run all histograms are stored in the le 4.x-cpc/prod2/bhl.hst. In fact, histograms are written into this le every 10 5 events anyway. The last command make prod2-dvi initiates compilation and execution of the program 4.x-cpc/figs/prod2.f, w h i c h reads histograms from 4.x-cpc/prod2/bhl.hst and shows on the screen plots of various distributions. In fact it produces the L A T E X l e 4.x-cpc/figs/prod2.tex which is then processed and viewed on the screen using xdvi. The storage le 4.x-cpc/prod2/bhl.hst and another le, 4.x-cpc/prod2/semaphore, c o n tains in addition to user-de ned histograms, the complete information on the status of the internal parameters of the event generator. Thanks to this arrangement the MC run can be restarted and continued, without any loss of accumulated statistics, and stopped at any suitable moment, with the following simple commands: make prod2-cont make prod2-stop 
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The user will most probably want to make c o n tact with the published values from the BHLUMI 4.03(4) program. Since, typically, these results involve comparisons of BHLUMI with OLDBIS and LUMLOG, it is necessary to run the other two sub-generators and store histograms in the data sub-directories obis2 and llog2 by executing the following simple commands: The results of Table 5 are for about 2 10 9 events for each of the three sub-generators. The main purpose of the above set of runs, which results in Table 5 , is to help the user to get convinced that the program is running correctly and that he/she is able to reproduce the known published cross-sections from BHLUMI. In short, 24] . The other two, CALO2 and SICAL2, are calorimetric semi-realistic ES's which are closer to the true experimental ES's, and SICAL is a very close representation of the real SICAL luminometer of the ALEPH Collaboration and to the actual selection criteria used in their data analysis.
In Table 5 BHLUMI results are shown in two v ersions: rst, for the pure photonic case, i.e. without the Z boson and vacuum polarization (VP) contributions and the second with the Z boson and VP included. Furthermore, in Table 5 Table 5 agree within a statistical error of ( 2 10 ;4 ) with the entries in Tables 14 and 18 Table 5 supplements this paper and constitutes an important n umerical benchmark of the BHLUMI 4.04 program. Last but not least, let us remind the reader that contrary to BHLUMI, which is a full-scale event generator, the OLDBIS + LUMLOG h:o: and BHLPV (SABSPV) calculations are not event generators but only MC calculations (albeit for arbitrary ES).
Both additive a n d m ultiplicative c o m binations of LUMLOG and OLDBIS have been used extensively to cross-check h o w precise the total cross section from the BHLUMI program is, and we therefore come gradually to this very basic question. The recent improved precision estimate of BHLUMI 4.03(4) of 0.11% is based mainly on the comparison of the BHLUMI and SABSPV results, see Refs. 11, 12], for symmetric and asymmetric event selections. In the BHLUMI package, in addition to the figs/BeMaTabs.f program that produces Table 5 , we h a ve included another graphics program figs/BeMaFigs.f, w h i c h can be executed as follows 
istic event selection SICAL. As expected, the di erence is within 0.10% for the interesting range of values of the energy cut around 0.5. As we see the SABSPV prescription is now almost fully realized using OLDBIS and LUMLOG (we do not include Z a n d V P i n o u r BHLPV result), with the advantage that each o f t h e t wo, OLDBIS and LUMLOG, were cross-checked individually many times, with many methods, see Refs. 5, 11, 17, 23] . Each of them thus has a well-established sub-per mille technical precision. It is interesting to see how, for the same SICAL ES, the older additive combination OLDBIS + LUMLOG h:o of Refs. 3, 18] compares with the BHLUMI 4.04 results. Figure 5 , which is also stored in figs/BeMaFigs.tex, a n s w ers this question. The di erence is within 0.15%, in agreement with Ref. 3] .
The above results in Table 5 and Figs. 4 and 5 were obtained from long runs on the CERN SP-2 farm and reproducing them on a single workstation may take some time. We h a ve therefore included in the data directories the archive-histogram les from these long runs. The user may therefore plot immediately the above table and plots without actually running very long MC runs, by i n voking the following commands 8 : Summarizing, in the presented distribution package the user should nd all possible examples of the use of the BHLUMI event generator and should be able to reproduce many important published results.
Running on a farm
Finally, let us explain brie y how t o r u n 4.x-cpc/demo2.f on a farm of workstations in order to accumulate high statistics more e ciently. F or example, in order to run for the BHLUM4 sub-generator 12 parallel jobs on the SP-2 farm at CERN, one should do the following: cd 4.x-cpc make prod2-start make prod2-stop cd prod2 make farm12-SP make llsubmit12 make combine12 (cd ../figs make prod2-dvi)
The user may easily nd out by inspecting 4.x-cpc/prod2/makefile how to query on submitted jobs, change their parameters, etc. We h a ve included templates of scripts to run jobs on several farms. Very brie y, the command make farm12-SP creates 12 sub-directories in 4.x-cpc/prod2 and each submitted job uses one of them in order to store histograms. The command make llsubmit12 submits 12 jobs, each of them with a di erent r a n d o m n umber seed taken from the directory 4.x-cpc/iniseed. The same command can be used to resubmit the programs after they terminate. As for normal runs described previously, restarting of generation is done preserving continuity o f t h e generation. Each job will rst read from the disk the histograms stored at the end of the previous job and add more events to them as if there were no break in the execution. The command make combine12 sums up the content of histograms from all sub-directories (parallel jobs) and stores the results into a single 4.x-cpc/prod2/bhl.hst, w h i c h can be used immediately as an input to graphics programs. This command can be executed while the jobs are still running { it is thus possible to view partial results before the production jobs terminate.
Conclusions
The new version 4.04 of the program BHLUMI represents the state of the art in the calculations of the QED corrections to small-angle Bhabha and their technical and physical precision. As the previous version, it is not only a full-scale stand-alone Monte Carlo event generator, ready to use for any kind of detector study and to calculate the QED corrections to the luminosity measurement it is also a tool-box of programs, which a l l o ws one to do all kinds of sophisticated tests and to cross-check the obtained numerical results. It is still not the nal solution to the problem of getting the small-angle Bhabha cross section with the sub-per mille precision, but it represents a major step in this direction. According to Refs. 11, 12] its overall precision is 0.11% (down from the previous 0.16%). The present BHLUMI package embodies this new result in the form of a MC event generator, and also includes almost all the calculational tools that were used to arrive at this new result.
6 APPENDIX A ============================================== ==========*********************=============== ==========*** Bhldem ***=============== ==========******************** ********************************* = = BHLUM4: INPUT PARAMETRES = = ******************************** .000000D+00 0 I 6.0000
.000000D+00 0 I 6.2000
.000000D+00 0 I 6.4000
.000000D+00 0 I 6.6000
.000000D+00 0 I 6.8000
.000000D+00 0 I =========================================================================== = ********************************* = = BHLUM4: WINDOW A = = ******************************** Maximum WT WWMX A8 = =========================================================================== =========================================================================== = ********************************* = = BHLUM4: WINDOW B = = ********************************* = = .60977300 +-.00103037 WT1*WT2*T/TP*T/TQ B1 = = .99995125 +-.00001303 WT3 from KINO4 B2 = = 1.73758801 + -.00021375 YFS formfac WT B4 = = 1.03290582 + -.00112558 TOTAL B5 = = .00002771 +-.00002582 xsec/xtot: WT>WTMAX WT B6 = = -.00000313 +--.00000126 xsec/xtot: WT<0 WT B7 = =========================================================================== =========================================================================== = ********************************* = = WINDOW C = = Built-in average control weights. = = Should equal one +-statist. err. = = ********************************* = = 
